Abstract. Let G be a group which is hyperbolic relative to a collection of subgroups H 1 , and it is also hyperbolic relative to a collection of subgroups H 2 . Suppose that H 2 ⊂ H 1 . We characterize, for subgroups of G, when quasiconvexity relative to H 1 implies quasiconvexity relative to H 2 . We also show that quasiconvexity relative to H 2 implies quasiconvexity relative to H 1 . As an application, we give some extensions of combination theorems for quasiconvex subgroups of relatively hyperbolic groups.
Introduction
If G is a countable group and H is a collection of subgroups of G, the notion of relative hyperbolicity for the pair (G, H) has been defined by different authors [2, 4, 5, 7, 8, 9, 12, 15] . All these definitions are equivalent when the group G and the subgroups in H are finitely generated [4, 7, 12, 14, 15] . When a pair (G, H) satisfies the relative hyperbolicity condition we say that the group G is hyperbolic relative to the peripheral structure H, and when the collection H is fixed we just say that the group G is relatively hyperbolic.
For a group G hyperbolic relative to a collection of subgroups H, different notions of relative quasiconvexity for subgroups of G have been introduced by D. Osin and F. Dahmani [3, 12] ; recently C. Hruska has proved the equivalence of these definitions [9] . The quasiconvex subgroups are the natural subgroups to study when considering a relatively hyperbolic group as a geometric object.
Suppose G is a hyperbolic group relative to a peripheral structure H. The group G may also be hyperbolic relative to a larger or smaller peripheral structure [11] . A natural question is whether the relative quasiconvexity property of a subgroup is preserved under enlarging or reducing the peripheral structure.
1.1. Main Result. Let G be a group hyperbolic relative to a collection of subgroups H. A subgroup Q ≤ G is said to be hyperbolically embedded into G relative to H, if G is hyperbolic relative to H ∪ {Q}. For an element g ∈ G, |g| X denotes its distance from the identity element in the word metric induced by X on G Theorem 1.1. Suppose that G is a hyperbolic group relative to a collection of subgroups H, with finite generating set X, and Q is a hyperbolically embedded subgroup of G.
(1) If R is a quasiconvex subgroup of G relative to H, then R is quasiconvex relative to H ∪ {Q}. (2) If R is a σ-quasiconvex subgroup of G relative to H∪{Q} and for any g ∈ G with |g| X ≤ σ the subgroup R ∩ gQg −1 is quasiconvex relative to H, then R is quasiconvex relative to H.
The following two corollaries are immediate consequences of Theorem 1.1. Corollary 1.2. Suppose that G is a hyperbolic group relative to a collection of subgroups H, and Q is a hyperbolically embedded subgroup.
If R < G is quasiconvex relative to H ∪ {Q} and R ∩ gQg −1 is quasiconvex relative to H for every g ∈ G, then R is quasiconvex relative to H.
Recall that a group is elementary if it contains an cyclic group of finite index. Since cyclic subgroups are always quasiconvex, elementary subgroups are quasiconvex. Corollary 1.3. Let G be a group which is hyperbolic relative to the collection of subgroups H and H . Suppose that H ⊂ H and every H ∈ H \ H is elementary.
Then a subgroup of G is quasiconvex relative to H if and only if it is quasiconvex relative to H .
The hyperbolically embedded subgroups were characterized by D. Osin in [11, Theorem 1.4] and, in particular, they are quasiconvex subgroups [11, Theorem 1.4] , [12, Theorem 4.13] . In [10] , the author investigated combination theorems for pairs of quasiconvex subgroups of relatively hyperbolic groups. The following corollary deals with the case that one of the subgroups is hyperbolically embedded, extending a result of R. Gitik [6, Theorem 2] . Corollary 1.4 (Quasiconvex-Hyperbolically Embedded amalgamation). Let G be a hyperbolic group relative to a collection of subgroups H, and suppose that X is a finite generating set of G.
For every relatively quasiconvex subgroup Q, and every hyperbolically embedded subgroup P , there is constant C = C(Q, P ) ≥ 0 with the following property. If R is a subgroup of P such that (1) Q ∩ P ≤ R, and (2) |g| X ≥ C for any g ∈ R \ Q, then the natural homomorphism
Moreover, if the subgroup R is quasiconvex relative to H, then the subgroup Q ∪ R is quasiconvex relative to H. Remark 1.5. The first part of the conclusion of Corollary 1.4 follows from [10, Theorem 1.1]. The second part of the statement, on the quasiconvexity of the resulting group, follows from Theorem 1.1 and is explained in the last section. Remark 1.6. Due to the characterization of hyperbolically embedded subgroups by D. Osin [11, Theorem 1.5] , in a word hyperbolic group G, hyperbolically embedded subgroups correspond to a quasiconvex subgroups which are almost malnormal. A subgroup H < G is almost malnormal if the intersection H ∩ gHg −1 is finite for every g ∈ G \ H. Theorem 1.1 for the case that G is word hyperbolic group is due to R. Gitik [6, Theorem 2 ].
An interesting combination theorem for cyclic subgroups of relatively hyperbolic groups was proved by G. Arzhntseva and A. Minasyan [1, Theorem 1.1]. They use this combination theorem to prove that relatively hyperbolic groups with no nontrivial finite normal subgroups are C * -simple. Corollary 1.4 allows us to obtain a slight refinement of their combination result. Corollary 1.7. Let G be a non-elementary and properly relatively hyperbolic group with respect to a collection of subgroups H. Suppose that G has no non-trivial finite normal subgroups. Then for any finite subset F of non-trivial elements of G there exists an element g ∈ G with the following properties. For every f ∈ F ,
(1) f, g is isomorphic to the free product f * g , and (2) f, g is a quasiconvex subgroup relative to H. 
Definitions and Background

Definition of Relative hyperbolicity.
Let G be a group, H = {H 1 , . . . , H m } be a collection of subgroups of G, and X be a finite generating set for G closed under inverses. Denote by Γ(G, H, X) the Cayley graph of G with respect to the generating set X ∪ H. If p is a path between vertices in Γ(G, H, X), we will refer to its initial vertex as p − , and its terminal vertex as p + . The path p determines a word Label(p) in the alphabet X ∪ H which represents an element g so that
Definition 2.1 (Weak Relative Hyperbolicity). The pair (G, H) satisfies the weakly relative hyperbolicity condition if there is an integer δ ≥ 0 such that the Cayley graph Γ(G, H, X) is a δ-hyperbolic metric space.
Definition 2.2 ( [12]
. H-components, connected and isolated, backtracking, phase vertices, and k-similar paths ). Let q = e 1 e 2 . . . e n be a combinatorial path in the Cayley graph Γ(G, H, X), where each e i is an edge. The initial vertex of e 1 and the terminal vertex of e n are denoted by q − and q + respectively. Subpaths of q with at least one edge are called non-trivial. An H i -component of q is a maximal non-trivial subpath s of q with Label(s) a word in the alphabet H i \ {1}. When we don't need to specify the index i, we willl refer to H i -components as H-components. Two H-components s 1 , s 2 of q are connected if the vertices of s 1 and s 2 belong to the same left coset of H i for some i. An H-component s of q is isolated if it is not connected to a different H-component of q.
The path q is without backtracking if every H-component of q is isolated. A vertex v of q is called phase if it is not an inner vertex of an H-component s of q. Two paths p and q in Γ(G, H, X) are k-similar if
where dist X is the metric induced by the finite generating set X (as opposed to the metric in Γ(G, P, S)). (i.) The sets of phase vertices of p and q are contained in the closed (λ, c, k)-neighborhoods (with respect to the metric dist X ) of each other.
there exists an H-component t of q which is connected to s. (iii.) Suppose s and t are connected H-components of p and q respectively. Then
Remark 2.5. Our definition of the BCP property correspond to the conclusion of Theorem 3.23 in [12] . [9] and the references therein. The definition of relative hyperbolicity is independent of finite generating set S.
The following corollary is a straight forward application of the BCP-property.
Corollary 2.8. [10, Corollary 2.8] Let G be a hyperbolic group relative to a collection of subgroups H, and X is a finite generating set of G. Let g 1 H i and g 2 H j be different left cosets. For any pair of geodesics p and q in Γ(G, H, X) such that p − , q − ∈ g 1 H i , p + , q + ∈ g 2 H j , and neither p nor q have more than one vertex in g 1 H i or g 2 H j , the following holds.
(1) l(q) ≤ l(p) + 2, and (2) q and p are (1, 4, 0)-similar.
2.2.
Parabolic and Relatively Quasiconvex Subgroups. Let G be a group,
be a collection of subgroups of G, and X be a finite generating set for G. Suppose that G is hyperbolic relative to H. Definition 2.9. A subgroup P of G is called parabolic if it is conjugate to a subgroup of H for some H ∈ H. Definition 2.10. [D. Osin [12] ] A subgroup Q of G is called quasiconvex relative to H (or simply quasiconvex when the collection H is fixed) if there exists a constant σ ≥ 0 such that the following condition holds. Let f , g be two elements of Q, and p an arbitrary geodesic path from f to g in Γ(G, H, X). Then for any vertex v ∈ p, there exists a vertex w ∈ Q such that dist X (u, w) ≤ σ. In particular, the number of infinite maximal parabolic subgroups up to conjugacy in Q is finite.
Theorem 2.14. [11, Theorem 1.5] Let P be a hyperbolically embedded subgroup of G relative to H. Then P is a quasiconvex subgroup relative to H.
Quasigeodesics and Hyperbolically embedded subgroups
In this section we prove Proposition 3.1 which is the main technical tool in the proof of the main theorem.
Let G be a group generated by a finite set X and hyperbolic relative to a collection of subgroups H. Suppose that Q is a hyperbolically embedded subgroup of G. If p is a geodesic in Γ(G, H ∪ {Q}, X) and q is a path in Γ(G, H, X) obtained by replacing each Q-component of p by a geodesic segment in Γ(G, H, X) connecting its endpoints, then q is a (λ, c)-quasi-geodesic in Γ(G, H, X).
Osin's Result about Polygons.
The following proposition will be use in the proof of Proposition 3.1. It is a stronger version of the Bounded Coset Penetration property due by D. Osin. The proof of relies on Osin's result.
Proposition 3.2. [13, Proposition 3.2]
There exists a constant D > 0 satisfying the following condition. If P = p 1 p 2 . . . p n is an n-gon in Γ(G, H, X) and S ⊂ {p 1 , . . . , p n } such that:
(1) each side p i ∈ S is an isolated H-component of P, and (2) each side p i ∈ S is a geodesic path.
Proof of Proposition 3.1. Let dist X∪H and dist X∪H∪{Q} denote the metrics in Γ(G, H, X) and Γ(G, H∪{Q}, X) respectively. We will show that for any subpath q of q
for a constant M independent of the paths p, q, and q . First we start with a lemma and then we address the possible cases for q . with the following property. Let p be any path in Γ(G, H ∪ {Q}, X) such that (1) p is without backtracking, (2) p is of the form
where each s i is a geodesic segment in Γ(G, H ∪ {Q}, X), and
where each u i is a geodesic segment in Γ(G, H, X) connecting the endpoints of t i , satisfies
Proof. Since Q is hyperbolically embedded, Proposition 3.2 holds on Γ(G, H ∪ {Q}, X) for a constant D = D(G, X, H, Q). Let r be a geodesic in Γ(G, H, X) connecting the endpoints of p. In Γ(G, H ∪ {Q}, X), we consider r as a polygonal path made of dist X∪H (p − , p + ) geodesic segments. Consider the
Since each t i is an isolated Q-component of P,
where the first inequality follows from Proposition 3.2, and the second one from
Then the constnat L = (λ + c + 1)(D + 1) satisfies the conclusion of Lemma 3.3.
Decompose the path p as
are all the Q-components of p. Then the path q in Γ(G, H, X) decomposes as
where each u i is a geodesic segment in Γ(G, H, X) connecting the endpoints of t i .
Let q be a subpath of q. We consider two cases: Case 1. Suppose that q is of the form
where s ı and s ı++1 are subpaths of s ı and s ı++1 respectively.
In this case, Lemma 3.3 implies that
Case 2. At least one of the endpoints of q is a vertex of u i for some i.
There are three similar sub-cases to consider. We consider one and leave the other for the reader. Suppose that q is of the form
where u ı and u ı+ are subpaths of u ı and u ı+ respectively. Let p be the path in Γ(G, H ∪ {Q}, X) given by
where t ı and t ı+ correspond to single edges connecting the endpoints of u ı and u ı+ respectively. Corollary 2.8 shows that p is a (4, 0)-quasi-geodesic in Γ(G, H ∪ {Q}, X). Lemma 3.3 implies that
where L 2 = L(G, X, H, Q, 4, 0). To finish the proof define λ = c = max{L 1 , L 2 }.
To conclude the proof of Proposition 3.1, let λ = c = max{L 1 , L 2 }. We have shown that for an arbitrary geodesic p in Γ(G, H∪{Q}, X), the path q in Γ(G, H, X) obtained after replacing the Q-components of p by geodesic segments in Γ(G, H, X) is a (λ, c)-quasi-geodesic, where the constants λ and c are independent of the paths.
Proofs of the Main Results
4.1.
Proof of Theorem 1.1. The following lemma can be found in [10] , and for the interested reader a more general version appears in [9] . 
where N K (C) and N M (B ∩ C) denote the closed K-neighborhood and the closed M -neighborhood of C and B ∩ C in (A, d) respectively.
Let G be a hyperbolic group relative to a collection of subgroups H, and suppose that X is a finite generating set of G. Let R and Q be subgroups of G.
Lemma 4.2. Suppose that R is quasiconvex relative to H and Q is hyperbolically embedded with respect to H . Then R is quasiconvex relative to H ∪ {Q}.
Proof. Let f be an element of R and let p be a geodesic in Γ(G, H ∪ {Q}, X) from 1 to f . Let q be the path in Γ(G, H, X) obtained by replacing each Q-component of p by geodesic segments in Γ (G, H, X). Proposition 3.1 implies that q is a (λ, c)-quasigeodesic in Γ(G, H, X) , where the constants λ and c are independent of the element f and the path p. Since R is σ-quasiconvex relative to H, the BCP property implies that for any vertex u of q (in particular, for any vertex of p) there is a vertex v ∈ R such that d X (u, v) ≤ (λ, c, 0) + σ. It follows that R is ( (λ, c, 0) + σ)-quasiconvex relative to H ∪ {Q}. Lemma 4.3. Suppose that R is σ-quasiconvex relative to H ∪ {Q} and that R ∩ gQg −1 is σ 2 -quasiconvex relative to H for any g ∈ G with |g| X ≤ σ. Then R is quasiconvex relative to H.
Proof. Let f be an element of R. Let q be a geodesic in Γ(G, H ∪ {Q}, X) from 1 to f and p be the path in Γ(G, H, X) obtained by replacing each Q-component of q by geodesic segments in Γ(G, H, X). Proposition 3.1 implies that p is a (λ, c)-quasi-geodesic in Γ(G, H, X) with λ and c independent of f and q. Decompose the path q as
are all the Q-components of q. Then the path p in Γ(G, H, X) decomposes as
where each u i is a geodesic segment in Γ(G, H, X) connecting the endpoints of t i . Define
where M (R, gQg −1 , 2σ) is the constant given by Lemma 4.1 applied to the group G with the metric dist X , the subgroups R and gQg −1 , and the constant 2σ. Claim 1. For each i ∈ {1, . . . , k}, the endpoints of the segment u i are at distance at most M + 2σ from a left coset x i (R ∩ Q g i ) with respect to the metric dist X . Here x i ∈ Q and g i ∈ G with |g| X ≤ σ.
To simplify notation denote the segment u i by u. Since R is quasiconvex relative to H ∪ {Q}, there exists elements x and y of R such that
where x ∈ R, |g| X ≤ σ, and z ∈ R ∩ Q g . Claim 2. For each i ∈ {1, . . . , k}, every vertex of the segment u i is at X-distance at most ( (λ, c, L) + σ 2 ) from an element of R. This claim finish proves the lemma.
Since x i ∈ R and R ∩ Q gi is σ 2 -quasiconvex relative to H, then the left coset x i (R ∩ Q gi ) is σ 2 -quasiconvex and is a subset of R. The claim follows from a direct application of the BCP-property 2.4.
4.2.
Proof of Corollary 1.4. Since Q is quasiconvex relative to H, and P is hyperbolically embedded with respect to H, Theorem 1.1 implies that Q is quasiconvex relative to H ∪ {P }. Then by [10, Theorem 1.1], there is a constant C = C(P, Q) such that the homomorphism Q * Q∩R R −→ G is injective if Q ∩ P < R < P and |g| X ≥ C for all g ∈ R \ Q.
Let R be a quasiconvex subgroup relative to H such that Q ∩ P < R < P and |g| X ≥ C for all g ∈ R \ Q. By [10, Theorem 1.1], Q ∪ R is quasiconvex relative to H ∪ {P }. We claim that Q ∪ R is also quasiconvex relative to H.
Let σ be the quasiconvexity constant of the subgroup Q with respect to H ∪ {P }. By Proposition 2.13 every infinite maximal parabolic subgroup of Q with respect to H ∪ {P } is conjugate by an element of Q to a subgroup in the collection Π = {Q ∩ H z : H ∈ H ∪ {P } and z ∈ G with |z| X ≤ σ}.
Since parabolic subgroups relative to H are quasiconvex relative to H, Proposition 2.12 implies that Q ∩ H z is quasiconvex relative to H for any H ∈ H and z ∈ G. Since P is hyperbollicaly embedded relative to H, Proposition 2.12 and Theorem 2.14 imply Q ∩ P z is quasiconvex relative to H for any z ∈ G. Therefore, every subgroup in the collection Π is quasiconvex with respect to H.
By [10, Theorem 1.1], every infinite maximal parabolic subgroup of Q ∪ R with respect to H ∪ {P } is conjugate by an element of Q ∪ R to maximal parabolic subgroup of Q or R, and therefore to a subgroup in the collection
Since R is quasiconvex relative to H, it follows that every subgroup in the collection Π 2 is quasiconvex relative to H. Let g ∈ G an consider the subgroup K = Q ∪ R ∩ P g . If K is finite then it is quasiconvex. Otherwise K is a maximal parabolic subgroup of Q ∪ R with respect to H ∪ {P }. It follows that K is conjugate to a subgroup of Π 2 ; since conjugation preserves quasiconvexity, it follows that K is quasiconvex relative to H.
It follows that Q ∪ R ∩ P g is quasiconvex for every g ∈ G. Theorem 1.1 implies that Q ∪ R is quasiconvex relative to H.
4.3.
Proof of Corollary 1.7. We follow the argument by G. Arzhantseva and A. Minasyan in [1] and argue that the subgroups f, g are quasiconvex relative to H.
The following lemma is contained in the proof of [1, Theorem 1.1]. For the convenience of the reader we briefly recall the argument.
Lemma 4.4. Let G be a hyperbolic group with respect to a collection of subgroups H. Let F be a finite subset of G. Then there exists a collection of subgroups H with the following properties.
(1) G is hyperbolic relative to H and (2) H ⊂ H , (3) every H ∈ H \ H is finite or elementary, and (4) every element of F is parabolic relative to H . Proposition 4.5. [1, Lemma 8] Let G be a non-elementary and properly relatively hyperbolic group with respect to a collection of subgroups H. Suppose that G has no non-trivial finite normal subgroups. Then there is a hyperbolic element h such that the subgroup h is hyperbolically embedded with respect to H.
Proof of Corollary 1.7. Let H be the peripheral structure given by Lemma 4.4 for the set F . By Proposition 4.5 there is a hyperbolic element h of infinite order such that the subgroup h is hyperbolically embedded with respect to H .
Let f be an element of F . Since powers of hyperbolic elements are hyperbolic, the cyclic subgroups f and h intersect trivially. Applying Corollary 1.4 to the subgroups f and h , there is a positive integer n = n(f ) such that for any m ≥ n(f ), the subgroup f, h m is isomorphic to f * h m and is quasiconvex relative to H . By Corollary 1.3 the subgroup f, h m is also quasiconvex relative to H.
To conclude, let g = h m where m is the minimum common multiple of {n(f ) : f ∈ F }.
